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Generation of single-frequency coherent transition radiation by a prebunched electron beam
traversing a vacuum beam tunnel in a periodic medium

Paul D. Coleman, Maytee Lerttamrab, and Ju Gao
University of Illinois at Urbana-Champaign, 1406 West Green Street, Urbana, Illinois 61801

~Received 8 March 2002; published 31 December 2002!

A classical Maxwell equation longitudinal boundary value problem analysis of a prebunched ac electron
beam traversing a vacuum tunnel in a periodic layered dielectric medium is used to calculate the single-
frequency coherent transition radiation power generated per unit length. For low voltage electron beams in the
kilovolt range, only transition radiation is produced, the Cerenkov effect being below threshold. A numerical
example indicates that power levels of the order of milliwatts per centimeter can be produced in the 35 GHz
range with 3–10 keV beams. An interesting aspect of transition versus Cerenkov radiation is that the transition
‘‘cone’’ of radiation is in the backward direction of the charge beam.

DOI: 10.1103/PhysRevE.66.066502 PACS number~s!: 41.60.Bq, 41.75.Ht
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I. INTRODUCTION

Cerenkov and transition radiation~CR, TR! have a long
history @1,2#. The first experimental studies of CR were b
Mallet @3# in 1926–1929 and Cerenkov@4# in 1934–1938. In
1937, Frank and Tamm@5# were the first to publish a class
cal Maxwell treatment of the problem.

Most of the hundreds of papers written on CR have b
the use of the effect for the detection of high energy p
ticles. There was a proposal by Ginzburg@6# in 1947 to use
CR for the production of microwaves but no serious expe
mental work seems to have been done until 1960 when C
man @7# and his students@8,9# focused on producing single
frequency coherent CR at the watt level in isotrop
dielectrics, ferrites, and anisotropic plasmas.

The physical basis for this large increase in power le
over previous work was~1! the use of a prebunched relativ
istic electron beam rich in harmonics of the base bunch
frequency, with a small velocity spread to retain its harmo
content over a long interaction distance,~2! using a vacuum
tunnel for the beam in the material to avoid scattering, io
ization, and destruction of the bunching.

The power radiated varies as the square of the charge.N
charges are in a bunch whose dimensions are small c
pared to the wavelength, spacial coherence will be obtai
and the power will vary as the square ofN. A bunched peri-
odic beam achieves this spacial coherence plus permits
generation of harmonic fields.

The first treatment of TR was by Frank@10# in 1946 and
by 1990, over 300 papers had appeared in the literature@2#.
Most of these papers have considered a charge or sin
charge bunch passing from vacuum into a dielectric
through a thin metal sheet. This radiation is incoherent w
a broad spectrum. Also it is difficult to separate the CR fro
the TR.

The interest of using TR to produce x-rays has existed
over 20 years. This has been achieved with MeV and G
electron beams passing through thin single or multiple m
films. Two examples are the 1980 paper by Chuet al. @11#
and the 2000 paper by Lastdrageret al. @12#. In-phase addi-
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tion of radiation fromM multiple films to obtain spectra
intensities varying asM2 was a key point in the Chu pape
Also, foils separated by a vacuum yield two orders of ma
nitude greater intensity than striated media.

One objective of this paper is to apply the prebunch
electron beam-vacuum beam tunnel technique used in
CR study and experiment to the TR problem. Similar to t
CR problem, the TR can also be realized by passing
charges near as well as through the dielectric structure.
vacuum tunnel will again provide for a long interactio
length and a low voltage keV beam to obtain detecta
power.

There will be similarities and differences in the CR a
TR problems driven by bunched beams. For the CR ca
coherent radiation will be produced at all harmonic freque
cies where the beam velocity exceeds the phase velocit
the medium. A periodic dielectric medium will also hav
pass bands. Hence for the TR case only harmonic frequ
cies in the pass bands can be produced. Also the peri
dielectric medium will produce an infinite set of coupled T
mode fields all with different phase velocities. In the C
case, only a single TM mode field is produced. Needless
say the TR problem, with its many new features, is mo
challenging to analyze than the CR problem.

As will be seen directly, the TR problem is more comp
cated to solve than the CR problem. The periodic medi
will result in an infinite number of coupled TM mode field
to be produced precluding a compact closed form solut
like those obtained for the CR problem. Also to represen
layer dielectric structure requires an infinite Fourier seri
To minimize the math but still display the basic physics
the TR problem, only three terms will be used in both t
Fourier series and TM fields. This will mean that these a
proximations will underestimate the power that can be p
duced.

The problem of computing the power expected from
infinite set of coupled TM mode fields of the same frequen
is tedious. If one were to choose to consider a finite num
of fields as few as three for example, it would not change
basic physics of the problem, only the accuracy of the
sults. From a practical point of view, if three terms in th
©2002 The American Physical Society02-1
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series would yield negligible power, it is unlikely that addin
more terms would save the problem since the series m
converge.

In this paper, only two and three field models have be
analyzed. In the numerical calculations frequencies in the
GHz range were arbitrarily chosen in order to perform p
sible experiments to verify the theoretical calculation.

II. COUPLED FIELD ANALYSIS

The structure to be analyzed is shown in Fig. 1. It cons
of a periodic dielectric containing a beam tunnel of radiusr o
into which a prebunched ac beam is injected. It is assum
that the beam fills the beam tunnel so that the problem to
analyzed is a two-region Maxwell boundary value proble
End effects are neglected at the beginning and end of
tunnel.

The dielectric and beam current density will be describ
by the equations

«5jo12«1cos~kz!5jo1«1eikz1«21e2 ikz, ~1!

Jz5ru5Jo1( Jneinv(t2z/u), ~2!

wherer is the charge density andu is the beam velocity.
The working equation for the TR problem is obtained

separating the electric fieldE in the classical Maxwell equa
tions @13#,

¹W 3HW 5 iv«EW 1JW ,

¹W •H̄50,

¹W 3EW 52 ivmHW , ~3!

¹W •~«EW !5r,

where a time variatione2 ivt has been assumed for the field

¹2EW 1v2m«EW 5 ivmJW1¹W S r

« D2¹W @EW •¹W ln «#. ~4!

FIG. 1. Prebunched electron beam injected into a vacuum b
tunnel in a periodic dielectric medium.
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The analysis will apply equally to each beam harmon
hence without loss of generality only the fundamental be
current will be considered.

The z component of the electric field obtained from E
~4! in cylindrical coordinates is given by the expression

1

r

]

]r S r
]Ez

]r D1
]2Ez

]z2
1S v

c D 2

Ez52 ivmF S c

uD 2

21GJ1

~5!

with solution for region I seen to be

Ezc15FA1I o~a1cr !1
iJ1

v«o
Ge2 i (v/u)z, ~6!

whereI o(ar ) is the modified Bessel function@14# of the first
kind of order zero.

The separation constanta1c
2 is given by the relation

a1c
2 5S v

c D 2F S c

uD 2

21G>0. ~7!

In region II, the equation forEz is from Eq.~4!,

F1

r

]

]r S r
]Ez

]r D1
]2Ez

]z2 G1v2m@jo1«1eikz1«21e2 ikz#Ez

52
]

]z FEz

]

]z
ln «G . ~8!

A part of the physics of the periodic dielectric medium c
be seen immediately from this equation. If a fieldEz varying
as e2 i (w/u)z were substituted into Eq.~8!, fields varying as
e2 i (w/u2k)z and e2 i (w/u1k)z would appear. If these fields
were substituted back into the equation, more fields wo
appear. Thus the periodic dielectric medium would produ
an infinite set of fields, in this case the TM mode fields.
this point only three terms will be used in all the series
limit the mathematical analysis required. This approach w
not mask the physics of the problem and any calculati
will underestimate the TR that can be produced.

The periodic dielectric medium using a three-field mod
will require two additional fields in region I of the form

EztI5B1I o~a1tr !e2 i (v/u2k)z ~9!

and

EzsI5C1I o~a1sr !e2 i (v/u1k)z ~10!

having the separation constants

a1t
2 5F S v

u
2kD 2

2S v

c D 2G.0 ~11!

and

a1s
2 5F S v

u
1kD 2

2S v

c D 2G.0. ~12!

m
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It is to be noted thata1c
2 anda1s

2 will remain positive for all
ranges ofv, u, andk, but nota1t

2 . For a specific example, le
v52.231011, u50.1c, and k52p3103. Then the ranges
for which a1t

2 is negative is seen to be

1.7131011,v,2.0931011,

6600,k,8066, ~13!

0.1045,
u

c
,0.1332.

For these ranges the solutions forEztI become

EztI5B1Jo~a1tr !e2 i (v/u2k)z, ~14!

where

a1t
2 5F S v

c D 2

2S v

u
2kD 2G.0 ~15!

with the associatedHutI field given by

HutI5
iv«o

a1t
B1J1~a1tr !e2 i (v/u2k)z. ~16!

The threeEz fields of Eqs.~9! and ~10! will be associated
with threeHu andEr fields through Maxwell’s equations t
form a TM set of fields. No TE fields are excited by th
prebunched beam and there will be no coupling of the T
and TE modes. This lack of coupling between TM and
modes is a property of the periodic dielectric medium@15#.

HucI5
iv«o

a1c
A1I 1~a1cr !e2 iv/uz, ~17!

HutI5
iv«o

a1t
B1I 1~a1tr !e2 i (v/u2k)z, ~18!

HusI5
iv«o

a1s
C1I 1~a1sr !e2 i (v/u1k)z, ~19!

with

ErcI5
iv

ua1t
A1I 1~a1cr !e2 iv/uz, ~20!

ErtI 5
i

a1t
S v

u
2kDB1I 1~a1tr !e2 i (v/u2k)z, ~21!

ErsI5
i

a1s
S v

u
1kDC1I 1~a1sr !e2 i (v/u1k)z, ~22!

whereI 1(ar ) is the modified Bessel function of the first kin
of order 1. The time factoreivt has been deleted from th
expressions@16#.

Anticipating that the periodic dielectric medium wi
couple the various TM fields together in region II, a coupl
field solution forEzII will be taken in the form
06650
EzII5@A2Ko~a2cr !1aB2Ho
(2)~a2tr !

1cC2Ko~a2sr !#e2 iv/uz1@B2Ho
(2)~a2tr !

1bA2Ko~a2cr !1dC2Ko~a2sr !#e2 i (v/u2k)z

1@C2Ko~a2sr !1eA2Ko~a2cr !

1 f B2Ho
(2)~a2tr !#e2 i (v/u1k)z, ~23!

where only theB2Ho
(2)(a2tr ) field is above threshold@17#.

The ‘‘constants’’a, b, c, d, e, and f are the field coupling
constants, which of course will vary with the parameters
the problem. For the solutions given for the fields to hold,
separation constants must satisfy the conditionsa2c

2 .0,
a2t

2 .0, anda2s
2 .0. These conditions will define pass an

stop bands for radiation, again a property of a periodic m
dium @15#. Ko(ar ) is the modified Bessel function of th
second kind while Ho

(2)(ar )5Jo(ar )2 iNo(ar ) is the
Bessel function of the third kind~Hankel function! of the
order zero. For radiation to occur a Hankel function must
present. The expression forEzII given by Eq.~23! is only the
first three terms in the infinite set of TM mode fields of th
TR problem. Nevertheless, it is a valid partial solution sin
it will be seen to satisfy Maxwell’s equations and the boun
ary conditions. The solution will yield a lower bound on th
power that can be generated.

The field varying ase2 iv/uz is termedc. It would be the
Cerenkov field if the medium were not periodic. The fiel
varying ase2 i (v/u2nk)z and e2 i (v/u1nk)z are the TR fields
which have been labeledt ands, respectively. All are at the
same frequency.

It is of interest to observe how the bunched electron be
excites the TR fields, only one of which is above thresho
For the bunched beam to interact with a travelling wave el
tric field over an appreciable distance, the electron veloc
and field phase velocity must be nearly matched. This is t
only for the Cerenkov field. Hence, the beam excites
Cerenkov field in region I which in turn excites the Cerenk
field in region II. In region II the Cerenkov field couples t
the t ands TR fields, one of which is above threshold. Th
coupling of all the fields will cause radiation from all th
three fields through terms likeaB2H0

(2) and f B2H0
(2) .

Next consider the term]/]z(ln «) in Eq. ~8!. It is a peri-
odic function ofkz, i.e.,

]

]z
~ ln «!5

1

«

]«

]z
5

ik«1eikz

«
2

ik«21e2 ikz

«
~24!

that can be expanded in a Fourier series,

1

«

]«

]z
5c1eikz2c1e2 ikz1•••. ~25!

The first terms in the series are

ic15g'
2k«1

@jo
22~2«1!2#1/2

. ~26!
2-3
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If an Ez field varying ase2 i (v/u)z were substituted into the
term on the right side of Eq.~8!, the following expression
would appear

2
]

]z
@e2 i (v/u)z~C1eikz2C1e2 ikz!#

5gS v

u
2kDe2 i (v/u2k)z2gS v

u
1kDe2 i (v/u1k)z. ~27!

Thus, the2(]/]z)@Ez(]/]z)(ln «)# term generates TM fields
in the same manner as the« term. For CR in a nonperiodic
medium a single field in both regions I and II would ex
and the radiation problem can be solved conveniently w
out the need to consider an infinite series of fields or m
any approximations.

The separation constantsa2c
2 , a2t

2 , anda2s
2 and the cou-

pling constants are obtained by substitutingEzII into Eq. ~8!
and equating terms ine2 i (v/u)z, e2 i (v/u2k)z, ande2 i (v/u1k)z

to zero.
To illustrate the procedure, consider thee2 i (v/u)z field and

just theA2Ko(a2cr ) term to obtain

1

r

d

dr
@rA2Ko~a2cr !#1v2mjoA2Ko~a2cr !

1bv2m«21A2Ko~a2cr !1ev2m«1A2Ko~a2cr !

2S v

u D 2

A2Ko~a2cr !1
vg

u
bA2Ko~a2cr !

2
vg

u
cA2Ko~a2cr !50. ~28!

Collecting terms and using the Bessel relation (1/r )(d/dr)
3@rK o(a2cr )#5a2c

2 Ko the result is

Fa2c
2 1v2mjo2S v

u D 2G1bFv2m«11
v

u
gG

1eFv2m«12
v

u
gG50. ~29!

In a similar fashion, one can obtain the remaining eight eq
tions

bFa2c
2 1v2mjo2S v

u
2kD 2G1v2m«12S v

u
2kDg50,

~30!

eFa2c
2 1v2mjo2S v

u
1kD 2G1v2m«11S v

u
1kDg50,

~31!

dFa2s
2 1v2mjo2S v

u
2kD 2G1cFv2m«12S v

u
2kDgG50,

~32!
06650
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Fa2t
2 2v2mjo1S v

u
2kD 2G2aFv2m«12S v

u
2kDgG50,

~33!

Fa2s
2 1v2mjo2S v

u
1kD 2G1cFv2m«11S v

u
1kDgG50,

~34!

f Fa2t
2 2v2mjo1S v

u
1kD 2G2aFv2m«11S v

u
1kDgG50,

~35!

aFa2t
2 2v2mjo1S v

u D 2G2 f Fv2m«12
v

u
gG

2Fv2m«11
v

u
gG50, ~36!

cFa2s
2 1v2mjo2S v

u D 2G1dFv2m«11
v

u
gG

1Fv2m«12
v

u
gG50. ~37!

These nine equations are the dispersion equations for
periodic medium problem.

TheHuII field can be determined from the Maxwell equ
tion

1

r

]

]r
~rH o!5 iv@jo1«1eikz1«21e2 ikz#Ez ~38!

using the Bessel relations

1

r

d

dr
@rK 1~ar !#52aKo~ar ! ~39!

and

1

r

d

dr
@rH 1

(2)~ar !#5aHo
(2)~ar !, ~40!

to be the following expression:

HuP

iv
5H 2S jo1b«11e«1

a2c
DA2K1~a2cr !

1S ajo1«211 f «1

a2T
DB2H1

(2)~a2tr !

2S cjo1d«11«1

a2s
DC2K1~a2sr !J e2 i (v/u)z

1H 2S bjo1«1

a2c
DA2K1~a2cr !1S jo1«1

a2t
DB2H1

(2)

3~a2tr !2S djo1c«1

a2s
DC2K1~a2sr !J e2 i (v/u2k)z
2-4
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1H 2S ejo1«1

a2c
DA2K1~a2cr !1S f jo1«1

a2t
DB2H1

(2)

3~a2tr !2S jo1c«1

a2s
DC2K1~a2sr !J e2 i (v/u1k)z.

~41!

The final Maxwell chore is to satisfy the boundary conditio
on Ez andHu at r 5r o , to determine the field amplitudesA1 ,
B1 , C1 , A2 , B2, andC2. These six equations for the com
plex amplitudes will take the form

2D1A11D2A21D3B21D4C25 i
J1

v«o
, ~42!

D5A22D6B11D7B21D8C250, ~43!

D9A21D10B22D11C11D12C250, ~44!

D13A11D14A22D15B21D16C250, ~45!

D17A21D18B12D19B21D20C250, ~46!

D21A12D22B21D23C11D24C250, ~47!

where the dimensionless quantitiesD are given by the ex-
pressions

D15I o~a1cr o!, D55bKo~a2cr o!, D95eKo~a2cr o!,

D25Ko~a2cr o!, D65H I o~a1tr o!

Jo~a1tr o!
J ,

D105 f Ho
(2)~a2tr o!,

D35aHo
(2)~a2tr o!, D75Ho

(2)~a2tr o!, D115I o~a1sr o!,

D45cKo~a2sr o!, D85cKo~a2sr o!, D125Ko~a2sr o!,

D135I 1~a1cr o!, D195
a1t

a2t
S jo1a«1

«o
DH1

(2)~a2tr o!,

D145
a1c

a2c
S jo1b«11e«1

«o
DKo~a2cr o!,

D205
a1t

a2s
S jo1c«1

«o
DK1~a2sr o!,

D155
a1c

a2t
S ajo1«11 f «1

«o
DH1

(o)~a2Tr o!,

D215
a1s

a2c
S ejo1«1

«o
DK1~a2cr o!,

D165
a1c

a2s
S ajo1d«11«1

«o
DK1~a2sr o!,
06650
D225
a1s

a2t
S f jo1a«1

«o
DH1

(2)~a2tr o!,

D175
a1t

a2c
S bjo1«1

«o
DK1~a2cr o!, D235I 1~a1sr o!,

D185H I 1~a1tr o!

J1~a1tr o!
J , D245

a1s

a2s
S jo1c«1

«o
DK1~a2sr o!.

These expressions hold only when the all the squares of
separation constants are positive. When a squared separ
constant is negative, the Bessel function changes from
modified to a regular Bessel function and vice versa.

Finally the average power radiated per meter is given
the equation

dPav

dz
5

1

2
ReE

o

r o
EzIJz* 2prdr . ~48!

Integration yields the compact result

dPav

dz
5

pr oJ1

a1c
I 1~a1cr o!Re~A1!. ~49!

CR and TR are stated as a result of charges moving w
constant velocity through a medium faster than the ph
velocity or through a medium having a spacial or time va
ing property. Equation~48! indicates that if the field is out o
phase with the current, it will decelerate the charge chang
its velocity. A corner stone of Einstein-Maxwell theory is th
the accelerated charges radiate. Thus the assumption of
stant velocity is not strictly valid. The physics of this appa
ent dilemma is that for the CR and TR small deceleratio
occur. The deceleration radiation is negligible compared
the CR or TR. The assumption of constant velocity is a va
approximation and the power calculated is ‘‘pure’’ TR.

III. NUMERICAL EXAMPLE OF EXPECTED RADIATION

In this section a specific numerical example will be pr
sented with two objectives,~1! a tentative design of a 35
GHz experiment and~2! extract the physics of the problem
from the lengthy equations and formulas. Also the energy
the electron beam will be restricted to the 3–10 keV range
demonstrate that readily detectable TR power can
achieved in a ‘‘table top’’ experiment.

There are six parameters (u/c, k, v, jo , 2«1, andr o) in
the problem to be chosen. Values ofjo512«o and«152«o
were chosen with a periodic dielectric of layered semico
ductors in mind;r o is taken as 1023 m. Larger values ofr o
would appreciably increase the power output since m
charges would be moving over an increased surface a
The beam velocities chosen are well below the Ceren
threshold.

Figures 2, 3, and 4 display2(1/J1
2)(dPav /dz) versus

u/c, k, andv over the pass band range wherea2t
2 is positive.

The (2) sign is associated with power being produced. T
differs from the case of a charge passing from a vacuum
2-5



s.
e
i

p
ti
in

ls
c

d

g a

nt

have
te

e a

PAUL D. COLEMAN, MAYTEE LERTTAMRAB, AND JU GAO PHYSICAL REVIEW E66, 066502 ~2002!
a dielectric where TR is produced for all charge velocitie
While there are peaks in the power in all the three curv

this does not imply that resonances exist. Power either
creases or decreases monotonically from the bottom or to
the bands falling to zero at the band edges. The quan
v/ku appears in most of the calculations. Power output
creases asv/ku decreases.

The coupling constants shown in Figs. 5, 6, 7, and 8 a
change monotonically across the bands with no resonan
Similarly the values ofuA2u2, uB2u2, anduC2u2 change mono-
tonically with uA2u2 and uC2u2, being larger at the top of the
band whileuB2u2 is larger at the bottom of the band.

Peak values of 2(1/J1
2)(dPav /dz) vary from 4.3

310210 to 9.0310210, the larger value being associate
with u/c50.214 andk55.03103 with v52.231011.

Assuming the beam is well bunchedJ152Jo , the power
generated per meter is given by the equation

2
dPav

dz
53.631029S IW0

pr o
2D W/m, ~50!

FIG. 2. Power term2(1/J1
2)(dPav /dz) versus velocity ratio

u/c for a range ofk values withv52.231011 constant.

FIG. 3. Power term2(1/J1
2)(dPav /dz) versusk for a range of

u/c values withv52.231011 constant.
06650
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whereIW0 is the average dc current at 11.23 keV. Assumin
dc beam current of I50.020 A with the tunnel radiusr o
51023 m and v/2p535.01 GHz, the calculated cohere
power is

2
dPav

dz
51.46 mW/cm . ~51!

In these calculations the dielectric has been assumed to
no attenuation. Obviously, a lossy dielectric will attenua
the TR radiation. However, for example, GaAs@20# will have
an attenuation of less than 0.5 cm21 at 300 K up to a THz,
hence attenuation in the periodic medium should not pos
major problem.

Phase and group velocities, Bragg reflection

Consider theEzII field given by Eq.~23! for larger where
the Ko(ar ) terms can be neglected and

Ho
(2)~a2tr !→A 2

pa2tr
e2 ip/4e2 ia2tr . ~52!

Then the far field value ofEzII becomes

EzII

eip/4

B2
Apa2tr

2
5aei [vt2a2tr 2(v/u)z]

1ei [vt2a2tr 2(v/u2k)z]

1 f ei [vt2a2tr 2(v/u1k)z] . ~53!

Each of the three waves has a phase of the form

c5vt2bW •rW5vt2b r r 2bzz. ~54!

Constant phasec with time t requires a phase velocityup
5v/b with components

FIG. 4. Power term2(1/J1
2)(dPav /dz) versusv52p f for a

range ofu/c values withk52p3103 constant.
2-6
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FIG. 5. Coupling constantsa,
b, ande versus angular frequenc
v52p f for a range ofu/c values
with k52p3103 constant.

FIG. 6. Coupling constantsa,
b, e, and f versus beam velocity
ratio u/c for a range ofk with v
52.231011 constant.
066502-7
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FIG. 7. Absolute squared val
ues ofuA2u2, uB2u2, anduC2u2 ver-
sus beam velocity ratio u/c for a
range of values ofk with v52.2
31011 constant.

FIG. 8. Absolute squared val
ues ofuA2u2, uB2u2, anduC2u2 ver-
sus angular frequencyv52p f
for a range of beam velocity ratio
u/c with k52v3103 constant.
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~up!r5
vbr

b2
, ~up!z5

vbz

b2
, ~55!

~upc!r5
va2t

a2t
2 1S v

u D 2 , ~upc!z5
v2/u

a2t
2 1S v

u D 2 . ~56!

Hence the phase-velocity components for the three waves
seen to be

~upt!r5
va2t

a2t
2 1S v

u
2kD 2 , ~upt!z5

vS v

u
2kD

a2t
2 1S v

u
2kD 2 ,

~57!

~ups!r5
va2t

a2t
2 1S v

u
1kD 2 , ~ups!z5

vS v

u
1kD

a2t
2 1S v

u
1kD 2 .

~58!

All velocity components are positive~in the z direction! ex-
cept (upt)z whenk.v/u.

The angles between the phase-velocity components a

cosuc5
v/u

Fa2t
2 1S v

u D 2G1/2, cosu t5
v/u2k

Fa2t
2 1S v

u
2kD 2G1/2,

cosus5
v/u1k

Fa2t
2 1S v

u
1kD 2G1/2. ~59!

Given the datav52.231011, u/c50.18, k52p3103, j0
512e0 ande15e2152e0, as an example, the various angl
are computed to beuc517.1°, u t5150.4°,us56.92°.

The group velocityuW g is given by the equation

uW g5
]v

]b r
r̂ 1

]v

]bz
ẑ. ~60!

To a good approximation, Eqs.~30!, ~33!, and~36! yield

a2c
2 >S v

u D 2

2v2mjo5bzc
2 2v2mjo , ~61!

a2t
2 >S 2

v

u
2kD 2

1v2mjo5b rt
2 5v2mjo2b2t

2 , ~62!

a2s
2 >S v

u
1kD 2

2v2mjo5bZs
2 2v2mjo . ~63!

Using these dispersion relationships, one can calculate
various components of the group velocity for each of
three waves to be
06650
re

he
e

~ugt!r5
2v

b rt
5

bct

vmjo
5~ugc!r5~ugs!r , ~64!

~ugc!z5
2v

bzt
5

bzt

vmjo
, ~65!

~ugt!z5
2v

bzc
5

bzc

vmjo
, ~66!

~ugs!z5
2v

bzs
5

bzs

vmjo
. ~67!

The angles between the group-velocity components are
same as between the phase-velocity components as in
~60!.

Since the Poynting vector and group velocity are in t
same direction, the angle between the Poynting vector c
ponents are the same as given by Eq.~60!.

As seen from Eq.~53!, the coupling of fields will result in
radiation being produced by three fields with three differe
phase constants even though only the ‘‘transition fie
exp@2i(v/u2k)z# is above threshold. Two of the fields prop
gate in the positivez direction with the transition field propa
gating in the negativez direction fork.v/u. Each field will
have its own cone of radiation as given by Eq.~59!.

Consider Fig. 9 and the cosines of the two anglesuB and
uT . Using the values

lp5
2pyp

v
5

2p

vAmjo

and k52p/ l , ~68!

Eq. ~59! can be rearranged into the following Bragg form f
a layered medium:

2d cosub5 l cosub5lpF12
v

kuG5le f f . ~69!

Note that for the Bragg reflection to occur, thatv/ku,1 and
le f f, l , i.e., the transition field must propagate in the neg
tive z direction.

FIG. 9. AnglesuT and uB associated with the Bragg reflec
tion.
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The effect of changing the tunnel radiusr o and deleting
the field varying as exp@2i(v1k/u)z# for a two-field model is
displayed in Figs. 10~a! and 10~b!. The peak power term for
r o51023 m is 20 times that forr o5331024 m. Increasing
r o leads to more charges passing over a larger surface a
Including only two fields ~Cerenkov and Transition! de-
creases the peak power term by a factor of 3 from the thr
field model as seen from Fig. 10~b!. Adding more field terms
should further increase the power term making a TR sourc
practical 1 –10 mW/cm device.

IV. CONCLUSIONS

The numerical calculations indicate that the practical v
ues of detectable single-frequency coherent TR can be g

FIG. 10. Power term2(1/J1
2)(dPav /dz) versus velocity ratio

u/c for v52.231011, and k52p3103 for r o51023 m and r o

5331024 m and for the three- and two-field model.
06650
ea.
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erated in the millimeter region with a prebunched ac beam
the 3–10 keV range using a layered periodic dielectric m
dium. Both CR an TR can be generated simultaneously w
relativistic beams . Since the CR will be emitted in the fo
ward direction while the TR can be emitted in the backwa
direction when both effects are above threshold, the radia
can be conveniently separated experimentally.

Some insight on the power output as a function of t
number of coupled TM fields included in the calculations c
be gained from Fig. 10 for a two- and three-field mod
These data are encouraging as they show that a three-
model yields a power increase of over two times that o
two-field model. All the data presented are lower bounds
the total power that can be produced.

The vacuum beam tunnel is of major importance in t
TR problem. Without a beam tunnel, efficient excitation
the system coherently with a keV beam would be difficu
The interaction length would be negligible if a KeV bea
were to pass through the material. Smith-Purcell@18#, Cer-
enkov@19#, and Transition Radiation can all be produced
an electron beam moving near a periodic metallic surfac
uniform or periodic dielectric surface. Paloˆcz and Oliner
view the problem as ‘‘leaky’’ space charge waves. A cyli
drical electron beam tunnel effectively couples the beam
the media and simplifies the Maxwell boundary analysis
the problem.

The TR problem of this paper can be viewed as a f
quency multiplier. Radiation at frequencyv is used to bunch
an electron beam to obtain beam harmonics atnv. The pe-
riodic dielectric structure is then used to couple to the be
harmonics to yield coherent radiation atnv. The coherence
of the system should be comparable to that of any harmo
multiplication system.
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